Abstract. Let (X, d, f ) be a dynamical system, where (X, d) is a compact metric space and f : X → X is a continuous map. Using the concepts of g-almost product property and uniform separation property introduced by Pfister and Sullivan in [22], we give a variational principle for certain non-compact with relation the asymptotically additive topological pressure. We also study the set of points that are irregular for an infinite collection of asymptotically additive sequences and we show that carried the full asymptotically additive topological pressure. These results are suitable for systems such as mixing shifts of finite type, β-shifts, repellers and uniformly hyperbolic diffeomorphisms.
Introduction
In the present paper we contribute to the theory of multifractal analysis for asymptotically additive sequences of sequentially saturated maps(see Definition 1.1), that include maps that satisfy the specification property(as a large class of uniformly hyperbolic maps). The main result is that the irregular set of maps sequentially saturated for a asymptotically additive potential sequence Φ = (φ n ) n of a topological dynamical system (X, f ) carries the full asymptotically additive topological pressure. This generalizes results of [12, 26, 28, 29] and [25] . For this purpose, we give a version of the variational principle(in the context "asymptotically additive") for certain non compacts as in [22, 20, 28] . The details are given below.
Let (X, d, f ) be a topological dynamical system(TDS), where f : X → X is a continuous map and X is a compact metric space. Let C 0 (X) denote the space of continuous functions on X. A sequence of continuous functions Φ := (φ n ) n is called asymptotically additive for f if for each δ > 0, there exists a continuous function ψ δ such that lim sup n→∞ 1 n φ n − S n ψ δ < δ, where · is the supremum norm and S n ψ δ (x) = n−1 i=0 ψ δ (f i (x)). We denote by C 0 (f, X) the space of asymptotically additive sequences endowed with the product topology.
Let M f (X) be the space of f -invariant Borel probability measures and M e f (X) ⊆ M f (X) the subset of the ergodic measures.
In [15] , Feng et al defined the Lyapunov exponent of a asymptotically additive sequence Φ at x. For a asymptotically additive sequence Φ = (φ n ) n on X and x ∈ X, the Lyapunov exponent of Φ at x is the limit(whenever it exists)
By Kingman's sub-additive ergodic theorem, for any µ ∈ M e f (X), λ Φ (x) = Φ * (µ) for µ − a.e. x ∈ X, where Φ * (µ) := lim n→∞ φn(x) n dµ(x), that always exists, see Proposition A.1 of [15] . The authors consider the distribution of the Lyapunov exponents of Φ on α-level set of λ Φ . More precisely, for any α ∈ R we define the set They study the topological entropy h f (E(Φ, f, α)) in sense of Bowen [10] . If we consider the multifractal decomposition X = R(Φ, f ) ∪ I(Φ, f ), where R(Φ, f ) = α∈R E(Φ, f, α) is the Φ-regular set and I(Φ, f ) := {x ∈ X : lim n→∞ φn(x) n does not exist} is the Φ-irregular set, an interest question is about the entropy of the set I(Φ, f ). Here, we address this question. More precisely, we studied the set I(f ) := Φ∈C 0 (X) I(Φ, f ), called of irregular set. By Kingman's theorem, µ(I(f )) = 0 for any invariant measure µ of f . We studied I(f ) from the topological point of view.
Various authors have studied the irregular set and proved, in many cases, this has full entropy and topological pressure. Pesin and Pitskel [21] , showed that it carried the full entropy in the case of the Bernoulli shift on two symbols, Barreira and Schmeling( [7] ) for case of generic Hölder continuous function on a conformal repeller. See more in [17, 18] , [27] , [26] , [6] [8] and [9] , for others authors.
The studies cited above were made for irregular sets under one observable. In [25] , Tian proposes a study for irregular sets under a collection of observable functions. We make a contribution to the study of irregular sets under a collection finite or infinite of asymptotically additive potentials. More precisely, letĈ 0 (f, X) := {Φ ∈ C 0 (f, X) : I(Φ, f ) = ∅}. We prove that the set I(Φ, f ) carries full additive asymptotically topological pressure. In fact, we consider the additive asymptotically topological pressure of P f ( Φ∈D I(Φ, f ), Φ), where D is an at most countable subset of C 0 (f, X), see Theorem B below. Definition 1.1. A TDS f : X → X is sequentially saturated, if for any Φ ∈ C 0 (f, X) and any compact connected nonempty set K ⊆ M f (X) we have
where G K = {x ∈ X : M x f = K}.
We proved that
Theorem B. Let (X, f ) be a dynamical systems sequentially saturated and assume thatĈ 0 (f, X) = ∅. Then, for any at most countable subset D ⊆Ĉ 0 (f, X) we have
Let Z ⊂ X be a f -invariant set, denote by E(Z, f ) = {µ ∈ M f (X) : µ(Z) = 1} and M x f the space of limit measures of the sequence of measures, in weak * topology,
A subset D ⊂ X is saturated if x ∈ D and the sequences E n (x) and E n (y) have the same limit-point set, then y ∈ D. Of particular interest are the generic points of µ, i.e. points that satisfy lim n→∞ 1 n n−1 j=0 ϕ(f j (x)) = ϕdµ. We denote the saturated set of generic points of µ by G µ . In [10] Bowen proved that if µ is ergodic, then
We know that if µ is ergodic if and only if µ(G µ ) = 1. For non-ergodic measures, Equation (1.2) cannot hold. It is not difficult give examples such that G µ = ∅ and h µ (f ) > 0. In [22] Pfister and Sullivan treat of the case of non-ergodic measures, introducing two conditions on the dynamics: the g-almost product property and the uniform separation property. They proved that Theorem 1.1. [22] If the g-almost product property and the uniform separation property hold, then for any compact connected non-empty set
In [20] , Pei and Chen generalized Theorem 1.1 for the case of the topological pressure.
Theorem 1.2. [20]
If the g-almost product property and the uniform separation property hold, then for any compact connected non-empty set
where
We prove a variational principle for the asymptotically additive topological pressure on certain non-compact sets. We prove that Theorem A. If f satisfies the g-almost product property and the uniform separation property, then f : X → X is sequentially saturated.
In the Section 4 we will give some applications and examples of the main results on Cocycles under shift of finite type, Nonconformal reppeler and others.
Preliminaries
In this section, we remember some concepts and we given some notations for the proof of the Theorem A and Theorem B.
For
. The cardinality of a set Λ is denoted by |Λ| or #Λ .
We set φ, µ := φdµ. We define a metric on M f (X) by
where {ψ k } k∈N is a countable and dense set of continuous functions on these taking values on [0, 1]. We use the metric on X given by d(x, y) := d(δ x , δ y ). We recall the definition of g-almost product property introduced in [22] .
Definition 2.1. Let g : N → R be a given nondecreasing unbounded map with the properties g(n) < n and lim
The function g is called blowup function. Let x ∈ X and ε > 0. The g-blowup of B n (x, ε) is the closed set
Definition 2.2. A TDS f has the g-almost product property with blowup function g, if there exists a nonincreasing function m : R + → N, such that for any k ∈ N, any x 1 ∈ X, ..., x k ∈ X, any positive ε 1 , ..., ε k , and
For δ > 0 and ε > 0, two points x and y are (δ, n, ε)-separated if
Remark 2.1. Note that g-almost product property is weaker than Bowen's specification property because it requires only partial shadowing of the specified orbit segments. All β-shifts satisfy the g-almost product property, see [22] .
A subset E is (δ, n, ε)-separated if any pair of different points of E are (δ, n, ε)-separated. Let F ⊆ M(X) be a neighborhood, we set X n,F = {x ∈ X : E n (x) ∈ F }.
Then there exist δ * > 0 and ε * > 0 so that for each neighborhood F of ν in M(X), there exists n * F,ν ∈ N such that for any n ≥ n * F,ν ∈ N, there exists a (δ * , n, ε * )-separated set Γ n , such that
Let N (F, δ, n, ε) be the maximal cardinality of an (δ, n, ε)-separated set of X n,F and N (F, n, ε) the maximal cardinality of an (n, ε)-separated set of X n,F . Definition 2.3. A TDS f has uniform separation property if the following holds. For any η, there exists δ * > 0 and ε * > 0 so that for µ ergodic and any neighborhood
The previous definition says that the conclusion of Proposition 2.1 holds uniformly(i.e. δ * , ε * does not depend of the measure ν) for a TDS with the uniform separation time.
Remark 2.2. It is easy to see that uniform separation implies that h top (f ) is finite.
Remark 2.3. In [22] , the authors proved that expansive and asymptotically h-expansive maps have the uniform separation property.
We define
where the infimum is take over any base of neighborhood of ν. Let s(µ) = lim ε→0 s(ν, ε) and s(µ) = lim ε→0 s(ν, ε).
Definition 2.4. The ergodic measures are entropy-dense if for any ν ∈ M f (X), each neighborhood F of ν, and h * < h ν (f ), there exists ergodic measure ρ ∈ F such that h * < h ρ (f ).
Proposition 2.3 ([22]).
Assume that f has the uniform separation property and the ergodic measures are entropy-dense. For any η, there exist δ * > 0 and ε * > 0 so that for µ ∈ M f (X) and any neighborhood
. If the uniform separation property is true and the ergodic measures are entropy-dense, then s(µ) := s(µ) = s(µ) is well-defined and
In [29] , the authors gives a definition of asymptotically additive topological pressure for an set Z ⊆ X as in [2] and [19] , motivated by work of [27] and [30] . Fix ε > 0. Let Z ⊂ X, Γ = {B n (x, ε)} n a cover of Z and Φ = (φ n ) n an asymptotically additive sequence. For α ∈ R we define the following quantities:
where the infimum is taken over all covers finite or countable of the form Γ = {B n (x, ε)} n of Z with n(Γ) := min n {n} ≥ N . We define
As the function M (Z, α, ε, N, Φ) is non-decreasing on n, then the limit always exist. We can show that
Definition 2.5. The topological pressure of Φ on Z is given by
A sequence Φ is an almost-additive sequence if
for all x ∈ X, n, m ∈ N and some constant C Φ .
Remark 2.4. Feng and Huang proved, in [15] , that an almost-additive sequence is indeed asymptotically additive. Then, by Proposition 4.7 in [11] we have variation principle for topological pressure of asymptotically additive sequence:
Remark 2.5. A asymptotically additive sequence may not be almost-additive sequence. The next examples illustrate this.
The set Λ is called an average conformal repeller if for any f -invariant ergodic measure µ the Lyapunov exponents of µ λ i (µ), i = 1, ..., m are equal and positive. The authors show that the limit
converges uniformly on the average conformal repeller Λ. It is not hard to check hat the sequences Φ 1 = (log Df n (x) −1 −1 ) n or Φ 2 = (log Df n (x) ) n are asymptotically additive but, these may not be almost additive.
Example 2.2. [2]
Let (X, f, d) be a TDS. Assume that f is expanding on X, in the sense that there exists constants a ≥ b ≥ 1 and ε 0 > 0 such that
, aε) for all x ∈ X and 0 < r < r 0 .
Then, X has a Markov partition R 1 , .., R m of arbitrarily small diameters, see [2] . We define a m × m matrix A = (a ij ) with a ij = 1 if
: x, y ∈ R j1...j n+k and x = y and
: x, y ∈ R j1...j n+k and x = y , where R j1...jn = {x ∈ X : f i−1 (x) ∈ R ji for i = 1, ..., n} is the cylinder of length n, and the maximum and minimum are taken over the j 1 ...j n+k ∈ Σ + A such that j 1 ...j n = (i 1 ...i n ). We say that f is asymptotically conformal if there exists k ≥ 0 such that the limit
converges uniformly on Σ + A . As Φ 1 = (log λ k (ω, n)) n is sub-additive and Φ 2 = (log λ k (ω, n)) n is a sup-additive its easy to see that Φ 1 = (log λ k (ω, n)) n or Φ 2 = (log λ k (ω, n)) n are asymptotically additive, but may not are almost additive.
Proofs

3.1.
Proof of Theorem A. In this section we will prove Theorem A. We will give some results that help us in the proof. Proposition 3.1 (Corollary 3.1 of [22] ). Assume that (X, d, T ) has the uniform separation property, and that the ergodic measures are entropy dense. For any η, there exist δ * > 0 and ε * > 0 so that for µ ∈ M f (X) and any neighborhood F ⊂ M(X) of µ, there exists n F,µ,η such that
For any µ ∈ M f (X),
We define K G := {x ∈ X; {E(x)} n has a limit-point on K}.
Theorem 3.1. Let (X, d, f )be a TDS and µ ∈ M f (X) and K ⊂ M f (X) be compact subset. Then,
Proof. Let K ⊂ M f (X) be compact subset and µ ∈ K. Put s := sup{h µ (f ) + Φ * (µ)}. Assume, without loss of generality, that s < ∞. Let s ′ = s + 2δ, with δ > 0. Since that the function N (F µ , n, ·) be non increasing, by Proposition 2.2 we have
Then, for ε > 0, there exist a neighborhood B(µ, ζ ε ) ⊆ F µ of µ and a number M (B(µ, ζ ε ), ε) such that
Let E be a maximal (n, ζ ε )-separated of X n,B(µ,ζε) (which also is a (n, ζ ε )-spanning of X n,B(µ,ζε) ) with cardinality N (B(µ, ζ ε ), n, ε). Then,
where Γ := ∪ x∈E B n (x, ε/3) ⊇ X n,B(µ,ζε) . For x ∈ E ⊆ X n,B(µ,ζε) and since Φ is asymptotically additive, for ζ ε > 0 there exists ϕ ζε := ϕ ζ ∈ C 0 (X) and n 0 such that for all n > n 0 , we have
and sup y∈Bn(x,ε) φ n (y) ≤ n(2ζ ε + |ϕ ζ | ε ) + φ n (x), where |ϕ ζ | ε := sup{|ϕ ζ (x) − ϕ ζ (y)| : d(x, y) < ε}. Then,
≤ e n(−δ+|ϕ ζ |ε+5ζε) .
For a fixed δ, there exists ε 0 such that −δ + |ϕ ζ | ε + 5ζ ε < 0, when ε < ε 0 .
As K is compact set, given a fixed ε > 0, we can choose a finite open cover {B(µ j , ζ ε )} j , with j = 1, ..., m ε of K. For sufficiently large M > 0, n≥M mε j=1 X n,B(µj,ζε) is a cover of
When n → ∞, we have m ε n≥M e n(−δ+|ϕ ζ |ε+5ζε)) → 0. Thus, P ( K G, Φ, ε) ≤ s for all ε < ε 0 . Therefore,
Proof. Just note that G K ⊂ {µ} G for all µ ∈ K. Then,
Proposition 3.2 (Lemma 2.1, [22] ). Assume that (X, d, f ) has a g-almost product property. Let x 1 , ..., x k ∈ X, ε 1 > 0, ..., ε k > 0 and n 1 ≥ m(ε 1 ),...,n k ≥ m(ε k ) be given. Assume that
Then for any y ∈ ∩ k j=1 f −Mj−1 B nj (g; x j , ε j ) and any probability measure α we have that
where M i = n 1 + ... + n i and ξ
ni , i = 1, ..., k. Lemma 3.1 ( [24] ). Let K ⊂ M f (X) be a compact connected non-empty set. Then there exists a sequence {α 1 , ..., α k , ...} ⊂ K such that {α j : j ∈ N, j > n} = K. Theorem 3.2. Let (X, d, f ) be a TDS with the g-almost product property and uniform separation. Let K be a connected non-empty compact subset of M f (X). Then
The proof follow the line in [22] and [20] with some changes. We shall repeat here part of the arguments. Let η > 0, and h * := inf{h µ (f ) + Φ * (µ) : µ ∈ K} − η. For s < h * , we put h * − s = 2δ. By Proposition 3.1, we can find δ * > 0 and ε * > 0 such that for each neighborhood F of µ there exists n * F,µ,η with
Take (ε k ) k and (ξ k ) k two decreasing sequences converging for zero such that ε < ε * and
, for all µ ∈ B(α k , ξ k + 2ε k ) where ϕ δ is a continuous functions such that lim sup n→∞ 1 n φ n − S n ϕ δ < δ 18 . By Equation (3.1), there exists n k and a (δ * , n k , ε * )-separated sets Γ k ⊂ X n k ,B(α k ,ξ k ) with cardinality |Γ k | ≥ e n k (n k (hα(f )−η)) . We can assume that the sequence n k satisfies δ n k > 2g(n k ) + 1 and
By Proposition 3.2 and Equation (3.2) we have that if x ∈ Γ k , y ∈ B n k (g; x, ε k ), then
3) We choose a strictly increasing sequence of positive integers numbers (N k ) k satisfying
and we define the sequences (n
Note that G k is a non-empty closed set. Each element of G can be indicated by (x 1 , ..., x k ), where x j ∈ Γ ′ j . The proof of Theorem 3.2 follow the Lemmas 3.2 and 3.3 below.
Lemma 3.2 ([22]
). Let ε > 0 be such that 4ε = ε * and G := k≥1 G k .
(
(2) G is a closed set, which is the union of non-empty sets G(x 1 , x 2 , ...) where
Proof. We have
We prove that M (G, s, Φ, n, ε) ≥ 1. Note that for each
Then,
As G is compact set, we can choose finite covers
is the collection of all finite or countable covers of G by sets of the form B m (x, ε) with m ≥ n(for n sufficiently large), we define the cover C ′ where we replace each ball
Consider C ′ and let m be the largest such that there exist B Mp (x, ε) ∈ C ′ . We put
Each z ∈ B Mp (x, ε)∩G corresponds to a point in W p that is uniquely defined(Lemma 3.2(i)). The word v ∈ W j is a prefix of w ∈ W k if the first j entries of w coincide with v. If W ⊂ W m contains a prefix of each word of
Thus if W contains a prefix of each word of W m ,
It is easy to verify that
By definition of asymptotically additive we have, for δ > 0, that there exist ϕ δ and n 0 such that for all m, n ′ i > n 0 with i = 1, ..., p, we have
And as
we have that there exists j such that
Thus,
we can choose p such that
this implies that P (G, Φ, ε) ≥ s. By fact that s < h * and the arbitrary choice of η the Lemma 3.3 it's proved.
. Therefore, we have proved Theorem 3.2.
3.2. Proof of Theorem B. In this Section, we proved Theorem B. We will use the following Lemma:
Lemma 3.4. Let (X, f ) be a dynamical systems, Φ := (φ n ) n ∈ C 0 (f, X) and x ∈ X. Then
Proof. Assume that Φ ∈Ĉ 0 (f, X) and x ∈ I(Φ, f ). Then, φn(x) n not converge pointwise for a constant, in particular, there exist a sequence n i converging for +∞ and ε 0 > 0 such that
where µ 1 ∈ M x (f ); Take a subsequence(if necessary) of the sequence
such that ν i → µ 2 in weak * topology. Obviously µ 2 ∈ M x f . As Φ is asymptotically additive, for each k, there exists
Then, we have
And as ν i → µ 2 we have
In the Equation (3.4), we have
Therefore, as k is arbitrary, we have lim sup i→∞
Then we can make two measures µ 1 and µ 2 in M x (f ) such that Φ * (µ 1 ) < Φ * (µ 2 ) and two convergence subsequences
Then, as Φ is asymptotically additive, for each k, there exists ϕ 1/k := ϕ k ∈ C 0 (X) such that, for all x ∈ X and large n we have
. Therefore, x ∈ I(Φ, f ) and
Proof of the Theorem B
Proof. We fix ε > 0 and Φ ∈Ĉ 0 (f, X). By Variational Principle 2.1, we choose a ergodic measure µ such that h µ (t) + Φ * (µ) > P f (Φ) − ε. Choose θ ∈ (0, 1) close to 1 satisfying
and (1 − θ) Φ < ε, where Φ is a positive constant such that Φ ≥ Φ * (µ) for all µ ∈ M f X, see item 2, Proposition A1 of [15] . For Φ ∈ D, by Lemma 3.4, there is an invariant measure µ Φ such that Φ * (µ Φ ) = Φ * (µ). Take the measure ν = θµ + (1 − θ)µ Φ . Then
Remember that Φ * (µ) = lim n→∞ φ n (x) n µ(x). Then, by product topology, two asymptotically additive sequence Ψ := (ψ n ) n and Φ := (φ n ) n are close if the sequences of continuous functions ψ n n and φ n n are close for each n. Therefore, by continuity of sequences, for each Φ ∈ D there exist an neighborhood V Φ ⊆ C 0 (f, X) of Φ such that for each Ψ ∈ V Φ we have Ψ * (µ) = Ψ * (µ Φ ). So {V Φ : Φ ∈ D} forms an cover of D. We can take a countable subcover {V Φi } i∈N of D because C 0 (X) has countable topological basis and then the product topological C 0 (f, X) also has(second axiom of countability). Then, for each Ψ ∈ D, there is i ≥ 1 such that Ψ ∈ V Φi and satisfying
Put ν i := ν Φi and define the sequence of measures η i := θ i µ + (1 − θ i )ν i , where (θ i ) i ⊂ (0, 1) is a increasing sequence converging the 1 such that θ 1 ≥ θ. Then, for each Ψ ∈ D, there is i ≥ 1 such that Ψ * (µ) = Ψ * (η i ). Note that
Define the set K := {µ}
By fact that η i converge for µ ∈ K this implies that K is compact and connected set and that every ν ∈ K satisfies
For finishing the proof of Theorem, we show that δ f l (x) = η i . And as Ψ is asymptotically additive, we have
Therefore lim i→∞ 1 ni ψ ni (x) = Ψ * (µ 1 ). Analogously, lim i→∞ 1 mi ψ ni (x) = Ψ * (η i ). Then, x ∈ I(Ψ, f ). As x ∈ G K and Ψ ∈ D are arbitrary, the Theorem it's proved.
Applications and examples
In this section, we given some examples and applications of our results.
Example 4.1. Our results if apply to asymptotically additive sequence of the Examples 2.1 and 2.2.
4.1.
Cocycles under shift of the finite type. We will consider cocycles under shift of the finite type in [16] . For more details, see [4] . Let δ > 0 be such that for each x ∈ Λ the map f is invertible on B(x, δ). For each x ∈ Λ and n ∈ N we define B(x, n, δ) = n−1 l=0 f −l (B(f l (x), δ).
We say that f have limited distortion on Λ if there exist δ > 0 such that sup Df n (y)(Df n (z)) −1 ; x ∈ Λ and y, z ∈ B(x, n, δ) < ∞.
We will see the relationship between the sequences Φ i and the Lyapunov exponents. Given a differentiable transformation f : M → M . By Oseledet's multiplicative ergodic theorem, for each finite f -invariant measure µ on M there exist a µ-full set X ⊂ M such that x ∈ X, there exists numbers λ 1 (x), ..., λ s(x) and subspaces M = V 1 (x) ⊃ V 2 (x) ⊃ ... ⊃ V s(x) (x) ⊃ V s(x)+1 (x) = {0} such that Barreira and Gelfert, [5] , proved that if a C 1 map f : R → R has bounded distortion and satisfy a cone condition on Λ then (f, Φ i ) has a unique equilibrium states µ i . Then, by Theorem B, ensures that
for each i = 1, 2.
